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In t roduc t ion  and  no ta t ion  

Suppose that T is a variety in a countable vocabulary r. This means that r is 

a countable set of function symbols and T is a set of equations, i.e. sentences of 

the form Vxl , . . . ,  xn (al(Xl , . . . ,  xn) = a2(Xl, �9 �9 xn)) where ai are r-terms. The 

class of all models of T will be denoted by Mod(T), and a member of Mod(T) 

is called an algebra in the variety T. Let M e Mod(T). For A C_ M, {A} 

denotes the submodel of M generated by A. Such A is called a free basis (of 

CA)) if no distinct a l , . . . ,  an E A satisfy an equation which is not provable from 

T. Moreover, M is called free if there exists a free basis of M, i.e. one which 

generates M. By F~ we denote the free algebra with free basis of size ~, where 

is a cardinal. For M1, M2 �9 Mod(T), the free p roduc t  of M1 and M2 is 

denoted by M1 * M2. Formally it is obtained by building all formal terms in the 

language r with constants belonging to the disjoint union of M1 and M2, and 

then identifying them according to the laws in T. For M, (M~: v < ~/such that 

M, M~ �9 Mod(T) and M is a submodel of M~ for all v < ~, the free p roduc t  

of the  Mv's over M is defined similarly, and it is denoted by *M{Mv: v < a}; 

the intention being that distinct M~, M,, are disjoint outside M except for 

those equalities which follow from the laws in T and the equations in Diag(M~)u 

Diag(M~,). Here Diag denotes the d iagram of a model. For M, N �9 Mod(T) 

we say "N/M is free" if M is a submodel of N and there exists a free basis A 

of  N over M, i.e. A is a free basis, N = {M U A} and between members of {A) 

and M only those equations hold which follow from T and Diag(M). 

Suppose IMI = A. Then M is called almost  free if there exists an increasing 

continuous family (M~: v < cf(A)} of free submodels of size < ~ with union 

M. Moreover, M is called essentially free if there exists a free M' E Mod(T) 

such that M * M I is free, essentially non-free otherwise. The essentially free 

spectrum of the variety T which is denoted by EINC(T), is the class of cardinals 

such that there exists M �9 Mod(T) of size ~ which is almost free and essentially 

free, but not free. 

In [MeSh] the essentially non-free spect rum,  i.e. the spectrum of cardi- 

nalities of almost free and essentially non-free algebras in a variety T, has been 

investigated, and it is shown that this spectrum has no simple description in 

ZFC, in general. Here we will show that the situation is different for EINC(T). 

Firstly, by a general compactness theorem due to the second author (see [Sh]), 

EINC(T) contains only regular cardinals. Secondly, we will show that EINC(T) 
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is contained in the class of successor cardinals. Our conjecture is that  EINC(T) 

is either empty or equals the class of all successor cardinals (depending on T). 

Motivating examples for this conjecture are among others Z/4Z-modules (where 

EINC is empty) and Z/6Z-modules (where EINC consists of all successor car- 

dinals) [EkMe, p.90]. We succeed to prove the conjecture to a certain extent. 

Namely, we prove the following theorem. 

THEOREM: I[ [or some cardinal #, (#~o)+ E EINC(T),  then every successor 

cardinal be/ongs to EINC(T).  

For the proof we will isolate a property of T, denoted Pr l (T) ,  which says that 

a countable model of T with certain properties exists, and then show that,  on the 

one hand, the existence of M E Mod(T) in any cardinality of the form (#~o)+ 

implies that  P r l (T)  holds, and on the other hand, from Pr l (T)  an algebra M E 

Mod(T) can be constructed in every successor cardinality. 

1. EINC(T) is c o n t a i n e d  in t h e  class o f  successor  ca rd ina l s  

THEOREM: For every variety T, EINC(T) is contained in the class of successor 

cardinals. 

Proof: Suppose A E EINC(T).  By the main result of [Sh], A must be regular. 

So suppose )~ is a regular limit cardinal. Let ff~ E Mod(T) be generated by 

(as:  a < A} and suppose that ~ is almost free and essentially free. We will 

show that  then 93I must be free, and hence does not exemplify A E EINC(T). 

By assumption and a LSwenheim-Skolem argument, ~ * F~ is free. Let 

(c~: v < A), (b~: v < A} be a free basis of 9Y~ �9 [~,, F~, respectively. 

Let )~ be a large enough regular cardinal, and let C C_ A be the club consisting 

of all a such that  for some substructure .4 -~ (H(x) ,  E, -~• ) of size < A which 

contains 93t, F~, {a.: v < A}, {b~: u < A} and {c~: , < A}, we have .4 N A = a. 

Here H(X) is the set of all sets which are hereditarily of cardinality < X, and -~x 

is a fixed well-ordering of H(X). Note that the information about 93t reflects to 

each a E C, especially ({c~: u < a}) = ({a~: v < a}) * ({b.: u < a}). 

Since 9Jr is supposed to be almost free, the set 

Co = {a E C: ({a~: v <: a}) is free} 

is still a club. Let a,/3 E Co be cardinals with a < /3. We will show that 

{{a~: u < ~})/({a~: v < a}) is free. This will suffice to conclude that  ff/t is free 
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since the cardinals below A are a club and hence C1 = {a E Co: a is a cardinal} 

is a club such that  for every a,  f l e  C1 with a < 13, ({a~: v < 13})/({a.: v < a}) 

is free. 

For the proof, let {d.: v < ~3} be a free basis of ({a.: v < j3}). As cr = lal < 

IN = ~ we may assume ({a.: v < a}) c_ ({d.: v < a}). Hence easily 

({a~: v < fl}) ~({a~: ~<a}) ({a~: v < 13}) * F~, 

i.e. there exists an isomorphism which leaves ({a~: v < a}) fixed. But 

({a~: v < ~ } ) *  F~ ~ ({c~: v < ~}) and ({c~: v < ~})/({c~: v < a } ) i s  

free. Moreover ({c~: v < a}) = ({a~: v < a}) * ({b~: v < a}) and hence 

({c~: v < a})/({a~: v < a}) is free. Consequently ({a~: v < j3})/(Ia~: v < a}) 

is free. II 

2. EINC(T) is e i t h e r  e m p t y  or  con ta ins  a lm o s t  all successo r  ca rd ina l s  

Definition 2.1: The property Pr l (T)  says: There exist N, M E Mod(T) such 

that N is countably generated, M is a subalgebra of N and the following clauses 

hold: 

(i) M has a free basis; 

(ii) N ,  F~ o / M  is free; 

(iii) *M{N: n e w} * F~o/M * F~ o is not free. 

TrtEOREM 2.2: Suppose that P r l (T)  holds and A is a successor cardinal. Then 

A e EINC(T). 

Proof: Let A = #+. Let M , N  witness Pr l (T) .  Let 9l = *M{N: a < A}. We 

claim that ff/t = f i t ,  F~ exemplifies that A E EINC(T). Let {ca: a < #} be a free 

basis of F~,. 

Firstly, ffJt is almost free: For a < A let 91~ = *M{N: v < a}. Then clearly 

(91~ , F , :  a < A) is a A-filtration of 9Jr. Moreover 91~ * F~ is free for every 

a < A, since easily 91~*F t, ~- *M{N*F~,o: v < or} and by Prx(T),  M is free and 

N * F~o/M is free. 

Secondly, 9~ * Fx ~- 91 * F~ is free, since 91 * F~ ~- *M{N * Fao: a < A} is free 

as in the proof of almost freeness. 

Thirdly, ff~ is not free. By contradiction, suppose that I = {d~: v < A} were a 

free basis of ~ .  
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Let X be a large enough regular cardinal, and let A -~ (H(x) ,  � 9  -~x ) such that 

]A t = #, # + 1 C_ A, and A +, N, M, 92, 9~, F , ,  I �9 A. Next choose 

B -~ (H0() ,  �9  -~• ) such that I B] = R0, and A, A +, N, M, 92, if)I, F , ,  I �9 B. 

Let u = BNA \ ( A N A ) ,  v = AMBMA, w = A N B M # .  Notice that w = B A # .  

Define M1 = A n B n ff)L Now easily M1 is countably generated and it has the 

form 

M1 = *M{N: ol �9 v} , ({ca: a �9 w}). 

Hence M1 ----~M *M{N: n �9 w}*F~ o ~--M *M{N*F~o:  n �9 w} ~--M M , f R o ,  where 

for the last isomorphy we applied (ii) from Pr l (T) .  Next define M2 = B n ff~. 

Then easily 

M2 = *M{N: 0~ �9 U} *M M1. 

Hence by the isomorphy above we have 

M2 t ~  ,M{N : n �9 w} * Fs o. 

By (iii) from Pr l (T)  we conclude that M2/M1 is not free. On the other hand, 

{d~: u �9 u} witnesses that  M2/M1 is free, a contradiction. I 

THEOREM 2.3: Suppose A,#  are cardinals such that A = #+, #~o = # and 

A �9 EINC(T).  Then Pr l (T)  holds. 

Proo~ Let 9Y[ exemplify A �9 EINC(T). Let {a~: , < A} generate fff[. Let F 

be free such that  ~ �9 F is free. Without loss of generality we may assume that 

F = F~; in fact, if I F] < A then we may replace F by F * F~ which is isomorphic 

to F~, and if I F] > A use a Lbwenheim-Skolem argument. So let (b~: v < A} be 

a free basis of F,  and let (c~: u < A} be a free basis of 9l = 9)I �9 F.  

Let X be a large enough regular cardinal, and let Ns, for every a < A, be 

a countable elementary substructure of (H(x) ,  �9215 ) such that a, 9)I, F, 92, 

{a~: u < A},{b~: u < A},{c~: ~ < A} belong to N~. Let u~ = N~ N A. 

By assumption on Y2 (if2 is almost free), the set 

{a < A: ( (a . :  u < a}) is free A ({c.: u < a}) = ({a~: u < a } ) ,  ({b~: v < a})} 

contains a club; let C be the -~x - leas t  one. Hence C E Ns for every a < A. 

Using elementarity, it is easy to see that  for every a E C the following three 

clauses hold ((1) holds for every a < A): 

(1) e u s } )  = �9 u s } )  * �9 
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(2) ({c.:  v �9 u~ n ~}) = ({a . :  v �9 u .  n a})  �9 ({b.: v �9 u~ n ~}); 

(3) {(a~: v �9 uo n a}) is free, and ({a~: u �9 a}) / {(a~: v �9 uo n ~}) is free. 

To prove (3), let (d~: u �9 I) be the -<• - leas t  free basis of ({a.: u �9 c~}). So 

by elementarity (d~: u E I) �9 No and ({d~: v �9 I n N~}) = ({a~: u �9 u~ N ~}). 

Hence {d.: v �9 I n  No} and {d~: u �9 I \  No} witness that (3) holds. 

Moreover it is not difficult to see that  Co = {a �9 C: c~ = U{u~: v < a}} is 

still a club. Hence So = {a �9 Co: (a) > w} is stationary. By Fodor's Lemma, 

for some c~* < A, $1 = {a �9 So: uo n ~ c a*} is stationary. By assumption, 

]c~.lSo < pso < A. So by thinning out $1 further (using this assumption and 

the A-completeness of the nonstationary ideal on A), we may find a stationary 

$2 C $1 and u* _C a* such that for every 61,62 �9 S~. the following hold: 

(4) u~ 1 N 61 = u*; 

(5) o.t.(u~ 1 ) = o.t.(u~ 2), and the unique order-preserving map h = h~l~ 2 : u~l --+ 

u~ 2 induces (by c~, --~ ChO,)) an isomorphism from ({c~: u �9 u~})  onto 

({c~: u �9 u~ 2 }) which maps a~ to ah(~,) and b~ to bh(~,). 

Let 6" = rain(S2 \~u), M = ({a~: ~, E u*}) and N = ({a~: u �9 u~.}). 

As 6" �9 C, by elementarity we know that M is free. 

As {c~: t~ �9 A} is a free basis, clearly ({e~: v �9 u~.})/({cv: t~ �9 u*}) is 

free, and by (2) and as 6" �9 $2 C_ C, also ({c~: t~ �9 u * } ) / M  is free. Finally, 

({c,: v �9 uz.}) ~ N * F~ 0 by (1). Hence we conclude that N �9 F ~ o / M  is free. 

Hence, if the pair M, N does not exemplify Pr l (T) ,  then (iii) in its defini- 

tion fails. We will use this to show that then ~ is free, which contradicts our 

assumption. Then we conclude that P r l (T)  holds. 

By induction on ~ < A we choose we C_ A such that the following requirements 

are satisfied: 

(6) w0 = ~*; 

(7) I r < A; 
(8) for r limit, we = U{w~: v < ~}; 

(9) if 7(r = min(A \ we), then wr = we U {7(r u {~(~, n): n �9 w}, where 

the ~(~, n) belong to $2, and for any m, n �9 w with m < n, U{u~(r u~: t, �9 

we} < min(uz(r \ u*) and sup(u~(r < min(u~(r 0 \ u*) hold. 

By (6) and 6" �9 Co C_ C we conclude that U{u~: v �9 wo} = 6* and 

({co: a �9 6*}) is free. By (8) and (9) it is clear that the sequence 
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is increasing and continuous with limit ~ .  Hence the following claim gives the 

desired contradiction: 

CLAIM: For every ( < A, 

((a,~: a E U { u , , :  v E wr a E U(u, . , :  ~' E w r  

is free. 

Proof'. Let us introduce the following notation. For x E {a, b, c} and I C_ A set: 

Z~' = ({x, , :  a �9 U { u , , :  ,, e I } } ) ,  

W~ = Z ~ 'w( : ,  

K ~ = ({x~: a E u*}), so K a = M. 

The Claim will follow from the following three facts: 

(10) Z~ = Z 7 * Z/b; 

(11) (W~ U Z~(r �9 F~o/W ~ is free; 

(12) W~+ 1 = *g-{Zacu{~/ ( ( )} ,  z{aj3((,n)}: n E w}. 
For (10), to prove Z~ = (Z• O Z b) is rather straightforward by using (1). 

Moreover, there exists a homomorphism h: ff)I �9 F ~ Z~ which is the identity on 

Z~ and maps g)I onto Z~; h can be defined by letting 

= ~ca i f a E U { u v : , E I } ,  h(c~) [ ao otherwise. 

Now suppose that  (Z~ U Z/b) ~ r b), where r is an equation and a C 

{as: a E U{u~: v E 1}}, b C {b~: a E U{u~: v E I}} are finite. Then this 

equation holds in ff)I �9 F,  of course. As {b.: v < A} is a free basis of F,  we 

conclude that  r b) is provable from finitely many equations in Diag(O:R) and 

the laws of the variety. But h maps this proof to a proof from Diag(Z~) and 

leaves fi, b fixed. Consequently Z~ = Z~ * Z/b holds. 

To prove (11), first clearly Z~r162162 is free. Hence by (10), 

Z C / W  e is free. We may assume that  Iwr -- #; hence Z ~ * F~/W~ <u{,y(r r ~r 
is free. How to get # down to 1%? Choose N -4 (H(x) ,  E, "<x) such that  

is countable and contains everything relevant, especially W~, Z~(r F~. Let 

X E/Y be a free basis of Z ~ �9 F~, over W~. Then X n/Y is a free basis of ~r162 
Z a F~,) over N n W~. Moreover .~ n ( ,~u(.~(r * 

z ~ = n u �9 n n ( ~u( .y ( r  * " 

a ( ( .~ n w~') u z(~(r �9 F~.. 
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We claim that  X n N  is a free basis over W~ of what it generates over W~, namely 

Z~r162 } *FRo. Otherwise there were finite sets Xo C X and Yo C_ W~ such that  

Xo U Yo satisfies an equation which does not follow from the laws of the variety 

and the equalities in Diag(W~'). By elementarity we can find ]I1 C_ W~ n N such 

that  Xo u ]I1 satisfies the same equation, a contradiction. 

To prove (12), if a is replaced by c, then (12) is easily verified by using the free 

basis {c~: v < A}. But then using (10) and K ~ = K a * K b we easily finish. 

Finally, as 6" E C and 6* has uncountable cofinality, by (3) we may choose 

FRo C_ ({a~: v E 6*}) (i.e. an algebra isomorphic to FRo) such that  M n FRo = 0 

and even (M U F~o) = FRo * M. By (12) we conclude 

a a . 

W~+ 1 ~- Zwcu{.r(r ) *F~o, M (FRo * *M{Z( f l ( ( ,n)} .  n E o3}). 

a =~M N for every n E w. Moreover by construction (as B((, n) E $2), Z(~(r 

, a . w} ----M *M{N: n E w}. By assumption Hence FRo * M{Z{/~(r n E FRo * 

FRo * *M(N: n E o~}/FRo * M is free, and so clearly of rank Ro. We conclude that  

W~+ 1 ~W~ Za * FRo, and so W~+I/W~ is free by (11). I ~r162 

R e f e r e n c e s  

[EkMe] P. C. Eklof and A. H. Mekler, Almost Free Modules: Set-theoretic Methods, 

North-Holland, Amsterdam, 1990. 

[MeSh] A. H. Mekler and S. Shelah, Almost free algebras, Israel Journal of 
Mathematics 89 (1995), 237-259. 

[Sh] S. Shelah, A compactness theorem for singular cardinals, free algebras, 
Whitehead problem and transversals, Israel Journal of Mathematics 21 (1975), 

319-349. 


