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Introduction and notation

Suppose that T is a variety in a countable vocabulary 7. This means that 7 is
a countable set of function symbols and T is a set of equations, i.e. sentences of
the form Vzy,...,z, (01(21,..., %) = 02(21,. .., 2,)) where o; are 7-terms. The
class of all models of T will be denoted by Mod(T'), and a member of Mod(T)
is called an algebra in the variety 7. Let M € Mod(T). For A C M, (A)
denotes the submodel of M generated by A. Such A is called a free basis (of
(A)) if no distinct a4, ...,a, € A satisfy an equation which is not provable from
T. Moreover, M is called free if there exists a free basis of M, i.e. one which
generates M. By F we denote the free algebra with free basis of size A, where
A is a cardinal. For My, M, € Mod(T), the free product of M; and M, is
denoted by M; x M5. Formally it is obtained by building all formal terms in the
language 7 with constants belonging to the disjoint union of M; and M, and
then identifying them according to the laws in T. For M, (M,: v < a) such that
M, M, € Mod(T) and M is a submodel of M, for all v < ¢, the free product
of the M,’s over M is defined similarly, and it is denoted by *p{M,: v < a};
the intention being that distinct M,, M, are disjoint outside M except for
those equalities which follow from the laws in T and the equations in Diag(M, )U
Diag(M,). Here Diag denotes the diagram of a model. For M, N € Mod(T)
we say “N/M is free” if M is a submodel of N and there exists a free basis A
of N over M, ie. Ais a free basis, N = (M U A) and between members of (A)
and M only those equations hold which follow from T and Diag(M).

Suppose |M| = A. Then M is called almost free if there exists an increasing
continuous family (M,: v < cf())) of free submodels of size < A with union
M. Moreover, M is called essentially free if there exists a free M’ € Mod(7T)
such that M = M’ is free, essentially non-free otherwise. The essentially free
spectrum of the variety T which is denoted by EINC(T), is the class of cardinals
A such that there exists M € Mod(T) of size A which is almost free and essentially
free, but not free.

In [MeSh] the essentially non-free spectrum, i.e. the spectrum of cardi-
nalities of almost free and essentially non-free algebras in a variety T, has been
investigated, and it is shown that this spectrum has no simple description in
ZFC, in general. Here we will show that the situation is different for EINC(T').
Firstly, by a general compactness theorem due to the second author (see [Sh]),
EINC(T') contains only regular cardinals. Secondly, we will show that EINC(T')
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is contained in the class of successor cardinals. Our conjecture is that EINC(T)
is either empty or equals the class of all successor cardinals (depending on T).
Motivating examples for this conjecture are among others Z/4Z-modules (where
EINC is empty) and Z/6Z-modules (where EINC consists of all successor car-
dinals) [EkMe, p.90]. We succeed to prove the conjecture to a certain extent.
Namely, we prove the following theorem.

THEOREM: If for some cardinal pu, (p®0)* € EINC(T), then every successor
cardinal belongs to EINC(T).

For the proof we will isolate a property of T', denoted Pry(T"), which says that
a countable model of T with certain properties exists, and then show that, on the
one hand, the existence of M € Mod(T') in any cardinality of the form (%)™
implies that Pr1(T) holds, and on the other hand, from Pr,(T') an algebra M €
Mod(T) can be constructed in every successor cardinality.

1. EINC(T) is contained in the class of successor cardinals

THEOREM: For every variety T, EINC(T) is contained in the class of successor
cardinals.

Proof:  Suppose A € EINC(T). By the main result of [Sh], A must be regular.
So suppose A is a regular limit cardinal. Let 9t € Mod(T') be generated by
{aa: o < A} and suppose that 9 is almost free and essentially free. We will
show that then 9t must be free, and hence does not exemplify A € EINC(T).

By assumption and a Lowenheim—Skolem argument, 90 % F is free. Let
{cv: v < A}, {by: v < A} be a free basis of M « F), Fy, respectively.

Let x be a large enough regular cardinal, and let C C A be the club consisting
of all a such that for some substructure A < (H(x), €, <y ) of size < A which
contains M, Fy, {a,: v < A}, {b,: v < A} and {c,: v < A}, we have AN\ = a.
Here H(x) is the set of all sets which are hereditarily of cardinality < x, and <,
is a fixed well-ordering of H(x). Note that the information about 9 reflects to
each a € C, especially ({c,: ¥ < a}) = {a,: v < a}) * {b,: v < a}).

Since 91 is supposed to be almost free, the set

Co={aeC: ({a,: v <a}) is free}

is still a club. Let a,8 € Cp be cardinals with o < 3. We will show that
{{a,: v < B})/{a,: v < a}) is free. This will suffice to conclude that 9 is free
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since the cardinals below X are a club and hence C; = {a € Co: a is a cardinal}
is a club such that for every a, 8 € C; with a < 8, {{a,: v < 8})/{{av: v < a})
is free.

For the proof, let {d,: v < 8} be a free basis of ({a,: ¥ < 8}). Asa = |a] <
|8| = B we may assume ({a,: v < a}) C ({d,: v < a}). Hence easily

({a,,: v < ﬂ}) g({a,,: v<al) ({av: v< ﬂ}> * FB’

i.e. there exists an isomorphism which leaves ({a,: v < a}) fixed. But
Hay: v < BY) x Fg = ({e: v < B}) and {{eo: v < B})/({eu: v < o)) s
free. Moreover ({c,: v < a}) = {({a,: v < a}) * {({b,: v < a}) and hence

({e,: v < a})/{{a.: v < a}) is free. Consequently ({a.: v < 8})/{{a.,: v < a})
is free. |

2. EINC(T) is either empty or contains almost all successor cardinals

Definition 2.1: The property Pri(T) says: There exist N,M € Mod(T) such
that N is countably generated, M is a subalgebra of N and the following clauses
hold:
(i) M has a free basis;
(if) N * Fy,/M is free;
(iil) *p{N:n € w} * Fyy /M * Fy, is not free.

THEOREM 2.2: Suppose that Pri(T) holds and X is a successor cardinal. Then
A € EINC(T).

Proof: Let A = pu*. Let M, N witness Pry(T). Let 91 = xp{N: a < A}. We
claim that 9 = M * F,, exemplifies that A € EINC(T). Let {c,: a < p} be a free
basis of F),.

Firstly, 9 is almost free: For a < A let M, = *p{N: v < a}. Then clearly
(Mo * Fu: a < A) is a Mfiltration of 9. Moreover N, * F,, is free for every
a < A, since easily Ny * F,, = #p{N * Fy,: v < a} and by Pry(T), M is free and
N x Fyo/M is free.

Secondly, Mt x F), = 9t x Fy, is free, since M* Fy = xpr{N * Fy;: a < A} is free
as in the proof of almost freeness.

Thirdly, 92t is not free. By contradiction, suppose that I = {d,: v < A} were a
free basis of M. |
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Let x be a large enough regular cardinal, and let A < (H(x), €, <, ) such that
Al = p, p+1 C A, and X' NNMNM F,, I € A  Next choose
B < (H(x), €, <y ) such that |B|] = Ro, and A, A*, N, M, M, M, F,,, I € B.

Let u= BNANANA), v=ANBNA w=ANBNu. Notice that w = BN p.
Define M; = AN BN 9. Now easily M; is countably generated and it has the
form

My =+xy{N:a € v} * ({cat x € w}).

Hence My Zp spm{N:n € w}* Fyy Spr xpm{N *x Fy,: n € w} Zpr M x Fy,, where
for the last isomorphy we applied (ii) from Pri(T). Next define My = BN M.
Then easily

My = xp{N: o € u} xpr M.

Hence by the isomorphy above we have
My = *M{N ne w} * FRO-

By (iii) from Pr;(T) we conclude that M;/M; is not free. On the other hand,
{d.: v € u} witnesses that M/M, is free, a contradiction. n

THEOREM 2.3: Suppose A, p are cardinals such that A = pt, uR° = p and
A € EINC(T). Then Pri(T) holds.

Proof: Let M exemplify A € EINC(T). Let {a,: v < A} generate M. Let F
be free such that 9 x F is free. Without loss of generality we may assume that
F = F,; in fact, if |F| < A then we may replace F by F x F which is isomorphic
to F, and if |F| > X use a Léwenheim-Skolem argument. So let {b,: v < A} be
a free basis of F, and let {c,: ¥ < A} be a free basis of 1 = M * F.

Let x be a large enough regular cardinal, and let N,, for every a < A, be
a countable elementary substructure of (H(x),€, <, ) such that a, 9, F,M,
{a,: v < A}, {bu: v < A}, {c,: ¥ < A} belong to N,. Let up = No N A

By assumption on 9t (9 is almost free), the set

{a< X ({av:v<a})isfree A{{c,:v<a})={{av:v<a})*{b:v<al})}

contains a club; let C be the <, —least one. Hence C' € N, for every a < A.
Using elementarity, it is easy to see that for every o € C the following three
clauses hold ((1) holds for every a < A):
(1) ({ev: v € ual) = ({au: v € ua}) * ({bs: v € ua});
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(2) {ev:veuanal)={a:veu,na}l)x{{b:ve€u.Nal);

(3) {{a,: v € us Na}) is free, and ({a,: v € a}) / {{a,: v € uq Na}) is free.

To prove (3), let (d,: v € I) be the <, —least free basis of ({a,: v € a}). So
by elementarity (d,: v € I) € N, and ({d,: v € INNo}) = ({a,: v € uq Na}).
Hence {d,: v € IN No} and {d,: v € I~ N,} witness that (3) holds.

Moreover it is not difficult to see that Co = {@ € C: & = {U{u,: v < a}} is
still a club. Hence Sy = {a € Cp: (@) > w} is stationary. By Fodor’s Lemma,
for some o* < A, §1 = {a € Sp: ug Na C a*} is stationary. By assumption,
la*|Re < p®e < A. So by thinning out Sy further (using this assumption and
the A—completeness of the nonstationary ideal on A), we may find a stationary
Sy C S7 and u* C a* such that for every 6,82 € S5 the following hold:

(4) ugs, N 61 = u*y

(5) o.t.(us,) = o0.t.(us,), and the unique order-preserving map h = hs, 5,: us, —
ug, induces (by ¢, — cp(,)) an isomorphism from ({c.: v € us, }) onto
({c,: v € us, }) which maps a, to as(,) and by to bu()-

Let 6* = min(Ss~p), M = ({a,: v € u*}) and N = ({a,: v € us+}).

As 6* € C, by elementarity we know that M is free.

As {c,: v € A} is a free basis, clearly ({c,: v € us-})/({cv: v € u*}) is
free, and by (2) and as §* € Sy C C, also ({c,: v € u*}) / M is free. Finally,
({c,: v € us+}) &2 N % Fy, by (1). Hence we conclude that N x Fy, / M is free.

Hence, if the pair M, N does not exemplify Pri(T), then (iii) in its defini-
tion fails. We will use this to show that then 9 is free, which contradicts our
assumption. Then we conclude that Pry(T) holds.

By induction on ¢ < A we choose we C A such that the following requirements
are satisfied:

(8) wo = 6%;

(7) |w<! < /\;

(8) for ¢ limit, we = U{w,: v < {};

(9) if 7(¢) = min(A N w), then weyr = we U {7(¢)} U {B({,n): n € w}, where
the B(¢, n) belong to S2, and for any m,n € w with m < n, J{u, (), u: v €
we} < min(ug(c,n) > u*) and sup(ug,m)) < min(ugn)  u*) hold.

By (6) and 6* € Co C C we conclude that {J{u,: v € we} = 6* and

({aq: @ € 6*}) is free. By (8) and (9) it is clear that the sequence

(({aa: @ € U{u,,: vewe}}): (< A)



Vol. 93, 1996 ESSENTIALLY FREE SPECTRUM 7

is increasing and continuous with limit 9. Hence the following claim gives the
desired contradiction:

CLAIM: For every ¢ < A,

({aa:a € U{u,,: vewe}})/{aa:a e U{u,,: v e wet})
is free.

Proof: Let us introduce the following notation. For z € {a,b,c} and I C X set:

z7 = ({za: a € | fu: v e I},
wE = z2,
K®={{za:a€u"}), so K* =M.

The Claim will follow from the following three facts:
(10) Z§ = Z¢ % Z%;
(11) (Wgu Z{’Y(C)}> * Fy, [W¢ is free;
(12) Weiy = xree{Zu ooy Zacemy ™ € 03
For (10), to prove Z§ = (Z¢ U Z}) is rather straightforward by using (1).
Moreover, there exists a homomorphism h: 9« F — Zf which is the identity on
Z$ and maps M onto Z§; h can be defined by letting
e ifa u,:v €I},
hea) = {ao othefwtijsi. 0
Now suppose that (Z¢ U Z!) = ¢(a,b), where ¢ is an equation and & C
{ao: @ € U{u,: v € I}}, b C {ba: @ € U{u,: v € I}} are finite. Then this
equation holds in 9 x F, of course. As {b,: v < A} is a free basis of F, we
conclude that ¢(@,b) is provable from finitely many equations in Diag(9) and
the laws of the variety. But h maps this proof to a proof from Diag(Z§) and
leaves @, b fixed. Consequently Z¢ = Z¢ + Z° holds.
To prove (11), first clearly Z¢ U{v(()}/W is free.  Hence by (10),

Zyuiroy/WE is free. We may assume that |we| = p; hence Zj, 1oy * Fu/W¢

is free. How to get u down to Ro? Choose N < (H(x) €, -<x) such that N
is countable and contains everything relevant, especially W Z'r(()’ F,. Let
X € N be a free basis of VA iy ¥ F, over W¢. Then X N N is a free basis of

Nn (Zw¢U{'7(<)} x F,) over NN W¢. Moreover

N0 (Zauen * Fu) = ((NOWEU 2 0y) # (N N F)
= <(N ﬂ Wca) U Z?'Y(C)}) * FNo'
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We claim that XN N is a free basis over W¢ of what it generates over W7, namely
Zf;cu (O} *Fy,. Otherwise there were finite sets Xy C X and Yy C Wg such that
Xo U Y, satisfies an equation which does not follow from the laws of the variety
and the equalities in Dlag(W“) By elementarity we can find Y7 C W“ N N such
that Xo U Y] satisfies the same equation, a contradiction.

To prove (12), if a is replaced by ¢, then (12) is easily verified by using the free
basis {c,: ¥ < A\}. But then using (10) and K¢ = K° x K® we easily finish.

Finally, as 6* € ¢ and 6* has uncountable cofinality, by (3) we may choose
Fy, C ({a,: v € 6*}) (i.e. an algebra isomorphic to Fy,) such that M N Fy, =
and even (M U Fy,) = Fy, * M. By (12) we conclude

Wit = Zuuir) *FrosM (Bro **m{Z{s(myy: 1 € w}).

Moreover by construction (as 8(¢,n) € S2), Z?ﬁ(c,n)} > N for every n € w.
Hence Fy, * *xM{Z{g¢ny): 7 € w} 2y Fy, * *m{N: n € w}. By assumption
Fy, **pm{N: n € w}/Fy, * M is free, and so clearly of rank Ro. We conclude that
We1 Swe 23, Uy(o)) * Fior and so WE,, /WE s free by (11). ]
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